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On the non-symmetric planar aligned NLC cell
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The planar aligned nematic liquid crystal cell with different anchoring for the two substrates
(i.e. a non-symmetric NLC cell) is investigated by an analytical method. We deduce the basic
equations and the boundary conditions of the tilt angle 6 of the LC director. Expressions for
threshold and saturation magnetic field are obtained, and numerical results of these two
quantities with variation in anchoring parameters of the two substrates are given. A
symmetry breaking parameter A4 is introduced and the relations between 4 and applied field,
as well as the two sets of anchoring parameters are discussed in detail. A feasible
experimental plan for measurement of anchoring strengths of a series of different substrates

Taylor &Francis

Taylor &Francis Group

is proposed.

1. Introduction

The surface physics of liquid crystals (LCs) is an
important topic in LC science [1]. The anchoring action
between a LC and a solid surface has been paid much
attention. In basic research, a planar aligned nematic
liquid crystal (NLC) cell is often used. In most of these
investigations, the authors suppose that the anchoring
of the two substrates of a cell is identical, and the
distribution of directors is symmetrical relative to the
middle plane of the LC cell. We call this type of cell a
symmetrical NLC cell. However, the cell with different
anchoring for the two substrates has received little
attention. This type of cell is called a non-symmetric
NLC cell. We think that the non-symmetric NLC cell
has more scope for new applications.

We investigate the non-symmetric NLC cell analyti-
cally. The surface anchoring energy of the modified
Rapini—Papoular type [2] is adopted, this is

1
g = EAsinza(1+¢s1n2 0) (1)

where A is the anchoring strength and ( is a
modification parameter. For the lower substrate we
use A4y, {;, and for the higher substrate A,, (5.

In this paper, we describe the main properties of a
non-symmetric planar aligned NLC cell. In §2, the
basic equations and boundary conditions of the tilt
angle 0(z) are derived using rigorous mathematical
treatment. There are two sets of fundamental equation

*Author for correspondence; e-mail: Yang_gc@hotmail.com

and corresponding boundary conditions, one set repre-
sents a symmetric LC cell with thickness 2d and
anchoring parameter A4, {; the second set represents
another symmetric LC cell with thickness 2/—2d and
anchoring parameter A,, {», where z=d is the place of
maximum tilt 0, of the non-symmetric cell. So the
non-symmetric cell can be seen as two half-symmetric
cells in series. In §3, rigorous expressions for the
threshold and saturation fields are derived analytically.
The values of these two quantities are dependant on
Ay, {4 and A5, (5. In §4, in order to show the character-
istic property of a non-symmetric cell, we introduce a
symmetry breaking parameter 4, and define

A=—72""=2-—1. (2)

The relation between 4 and applied field as well as A,
{1, A, {, are discussed in detail by means of a
numerical method. In §5, as an application example, we
propose an experimental plan for the measurement of
anchoring strengths of a series of different substrates.

2. The non-symmetric planar aligned NLC cell

In figure 1, we give the theoretical model of a non-
symmetric NLC cell. The anchoring energy parameters
of top and bottom substrates are, respectively (A4,, {5)
and (A, {;). The director n is n=(cosf, 0, sin0),
0=0(z). The easy direction is e=(1, 0, 0) for both
substrates. The applied magnetic field is H=(0, 0, H).
The surface energy per unit area on bottom and top
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http://www.tandf.co.uk/journals
DOI: 10.1080/02678290310001621903



17: 05 25 January 2011

Downl oaded At:

1442 Y. Guochen et al.

‘Z
P N O
/)AL
—_ — — — > X (A1a§1)

Figurel. Non-symmetric weak anchoring NLC cell. The
anchoring parameters are 4, {; (top substrate) and A,,
{» (bottom substrate).

substrates can be expressed as

&l,_o= 5 Ay sin® 0o (1+; sin® ) (3)

i NS R

gl =54 sin” 0;(1+ 5 sin’ 0;). (4)

The Gibbs free energy [3] per unit volume in the cell
can be written

dz 2

where Kj;, K33 are the Frank splay and elastic con-
stants, respectively, and y, is the magnetic anisotropy
of the NLC medium. The total energy of the system is
therefore

1 , oo (dONE 1
gbzz(K”cos 0+Ks3sin” 0) ( — | — 57, H’sin" 0 (5)

G—SJ l(K cos’0+K sin29) do ’
= 5 (K 33 i
0

6
- %Xahﬂ sin’ 9} dz+ %SAI sin” 0 (6)

(1+{; sin® ) + %SAQ sin” 0;(1+{, sin’ 0))

where S is the area of the substrate. Applying the
calculus of variations [4] of G yields
5, d%0
(K1 cos? 0+ K sin’ 0) FE
z
(7)

2
(K33 — K1) sianosQ(%) —XaHz sin 6 cos 0=0.

The boundary conditions at z=0 and z=[ are,

respectively

0
(Kll COS2 0() +K33 sin2 00)%

z=0 (8)
= Aj cos 0y sin 0 (1 +2¢, sin” 0y)

. do
(K]] COS2 0[ + K33 Sll’l2 01)—
dz|,_, 9)

= — Ay sin 0 cos 0; (1428, sin’ ;).

equation (7) and the boundary conditions (8), (9) have
two trivial solutions

0

SRS

, 0=0.

We call =0 the uniform solution, and 0=n/2 the
saturation solution. In addition, there is a non-trivial
solution, which satisfies

1d o [dO\?
E& l(K]l C«OS2 0+K33 sin 0) (dz)
(10)

+ 7, H? sin’ O] =0.

The non-trivial solution is named the disturbed
solution. From equation (10), we obtain

2
(K11 cos? 0+ K33 sin’ 0) (?) + . H2sin*0=C  (11)
A

where C is constant.
We know that when z=0, % > (0; otherwise when

z=1, 4 <0. So there must be a value of z&(0, /) which
satisfies the condition ¢ =0. Putting z=d, $|__,=0

and 0 has a maximum 0,. From equation (10), we
obtain C=y,H”sin’0,,. Thus equation (11) leads to

s 5 (dO\?
(K11 cos” 0+ Kszsin” 0) | — | =
dz (12)
1. H? (sin2 0., — sin® 0)
which can be written as
<d0>2 _ 2aH (sin® 0, — sin’ 0) 13)
dz Ki1cos? 0+ Ks3sin 0

Equation (13) represents two equations, namely

1 1
do [y, )z sin? 0, — sin® 0\
- ) H|—————— | ,for0<z<d (14
dz (K11 ( 1—|—ysin20 ( )

5 1 .2 22 %
%=—("a>2H sin 0w = SI° 0N <2<t (1)
dz K 147ysin®0
where 'V:(K33_K11)/K11.

Substituting equations (14) and (15) into equations
(8) and (9), we have the equations of the boundary
conditions as

(KIIXa)%H[(l +ysin2 90) (Sil’l2 Om — SiIl2 90)]%
= A cos 0y sin 0 (1+2¢; cos® b)), for z=0

(16)

(K11 7) [ (14 sin? 0;) (sin? 0, — sin® 0))]° -

= A cos 0 sin 0, (142, cos? 0;), for z=1.

From these equations, we see that equations(14) and
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(16) are the basic equation and boundary condition of a
symmetric cell with thickness 24 and anchoring para-
meter A;, {;. Equations(15) and (17) are the basic
equation and boundary condition of a symmetric cell
with thickness 2(/—d) and anchoring parameter 4,, {,.
Thus the non-symmetric cell can be seen as two half
symmetric cells in series.
Now we make a variable transformation. Put

u= sin® O, (18)

and adopt the new variable v to displace 0

tan’ 0 tan? 0 tan? 0,
V= 35 Vo= 3 , V= 3 . (19)
tan” 0, tan” 0, tan” 0,

Furthermore we introduce reduced quantities

H Ayl Al

h=—,0=-——,00=7">
HO T 2K 2K

1
where H2=§ @ g Using these quantities, from
equations (14) and (15) we have

n, 2d n, 2l-2d
2 =he gt =

where

b\
ho= [ (s ) a0
sin” 0, — sin” 0

0
" (20)
1 1
1 1— 1 2
- [t (]
2[v(1—v)]2 I—u+uv
Vo
Om 1 . 20 %
+7ysin )
I ;= ——— | dob
M ()J (sin2 0,y — sin’ 0)
’ (21)

1 1

J 1 [l—u—i—(l—l—y)uv]fdv
Av(1—v)p  1-utwy '

Vi

With these new variables, the equilibrium equa-

tions (14), (15) can be represented as

—h—=I 22
sh= =l (22)
., 21—2d
= =1I,. 2
2/1 ] 1l (23)
From equations (22) and (23), we easily obtain
v 1
~h=—-(Liy+1)). 24
Fh=5lo+1y) (24)

Boundary conditions (16) and (17) can be expressed as

1
T, vo \?
Eh_al (1—1)())

1 1+2 (25)
X —utu(l+26)v -, for z=0
(I—u4uvo) [l —u~u(l+7)v]?
1
T, 7 2
Eh_ou(l—l)])
(26)

1— 142
X utu(l+26)v ,for z=1.

(I—u+uv)[1 —u+u(l+y)v?

Sol—

From these equations, we see that for the exchange
of «y, {; and o, {5, the value of / is the same.

3. Threshold field and saturation field
Suppose that at the threshold and saturation points,
the director changes continuously with the applied field.
That is to say, the transitions are of second order. First
we discuss the threshold field Ay, Put =0, and
equations (24), (25) and (26) become

1 1

1 1
E/’lth:— Jil dV+ J |dv (27)
2 2| Jap(—wp 2(1=v)P
Vo v
1
T _ Vo 2
Ehth—al (1—1}0) (28)
1
b _ \7i 2
Tho=n (1) 29)
Equations (28) and (29) yield
vo= *h3, b= °h3, (30)
dod +m2h3 4o+ m2h?

Substituting equation (30) into equation (27) leads to
nzhfh — 4o 00
[(dod +72hg, ) (403 +n2hg, )|

cos(nhy) = (31)

ol—

or
27hn (o1 + 02)
(ﬁhth)z —4061062

We can see that the value of Ay, is same for exchanges
o1 —op and ar—oy, 1.e. hg (o, o) =hg (0, o). When
op=op=o, equation(32) can be expressed as
cot(3hy)=£hy. This is consistent with literature
results [5].

We now discuss the results for different o; and o
using numerical calculations. Figure2 shows the rela-
tion between the threshold field 43 and the reduced
anchoring strength oy, o». In figure2, curves 1, 2, 3, 4

tan(nhy, ) = (32)
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Figure2. The hy,—a, curves for various «;. Curves 1, 2, 3, 4
and 5 represent «; =3.0, 2.0, 1.0, 0.5 and 0.1, respectively.
The dashed curve represents o = ;.

and 5 represent «;=3.0, 2.0, 1.0, 0.5 and 0.1, res-
pectively. The dashed curve represents the case that the
values of anchoring strength are same, i.e. oy =0,. We
can see that the value of Ay will increase with the
increasing of «; or op; and for fixed a,, hy, increases
linearly with o;.

We next discuss the saturation magnetic field 4.
Putting u=1, equations(24), (25) and (26) become

1

1 1 1
_ (1+y)2 (1+7)2
%hs_% 2v(1—v) dv+ I2v(liv) dv (33)
Vo vy
i 1+2 1
hs=on Cll : (34)
(1+7) (1=vp)
m 1+2¢ 1
Ehs=oc2 Zlil (35)
(T49)2 (T—=w)?
According to the integral formula | (]dx 1=
X(l—x)2

—2tanh~'(1 —x)%, equation (33) leads to

ol—

nhs=(147) -tanhfl(l—vo)%+tanh*l(l—v,)ﬂ. (36)

With equations(33), (34) and (35) and the formula

tanh x4 tanh y :
tanh(x +y) = H—Txtanh}y’ we obtain

1
tanh |[——— nhg

[(T+7y)? (37)

_ 2nhy(149) o (1420) + (1 +20)]
(mhs)?(14+7) + 400 (1428, (1428,)
We see that hy is determined by
of =0 (1+2¢;) and o =0 (1 +2{;), and its value is
the same for exchange of—0o) and o)—af, ie.
h(eth, oh) =hs (o, o). When oay=m=0, (;=0=(,

equation (37) can be simplified to

e 20429 | ! lfhsl
20 (4 (2
This is consistent with literature results [6].

We now discuss our results for different o and o)
using numerical calculations. Figure3 shows this
relation when the value of parameter y=0.25 is
adopted. Curves 1, 2 and 3 represent «;=0.9, 0.5 and
0.1, respectively. The dashed curve represents o} =0.
It can be seen that the value of A increases with
increasing o} and o}.

4. Symmetry breaking
The characteristic property of a non-symmetric LC
cell is that the place of maximal tilt angle 6, is z=d
and d#1/2. The symmetry of the director distribution
about the middle plane of the cell is broken. We define
a dimensionless quantity A4 to describe the symmetry
breaking,
d—1/2 _d
=R —27—1. (38)
From equation (38), we see that 4>0 indicates the
position of 6, above the middle plane and 4<0
indicates the position of 6, below the middle plane.
Substituting equations (22), (23) into (38),we obtain

_ Lio—1, _ Lio—1,
11,0+I1’1 nth ’

(39)

We now discuss the relations between 4 and 4. From
the definitions of Iy, I;; (22) and (23) as well as

0.75
0.60 - T T
0.45 -
0.30 -

0.15

0.00

T T T T T
0.0 0.2 0.4 0.6 0.8 10 o

'
2
Figure3. The #hs—ay curves for various «f. Parameter

y=0.25. Curves 1, 2 and 3 represent «;=0.9,0.5 and
0.1, respectively. The dashed curve represents o} =0o}.
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equations (25) and (26), we see that the relations are
dependent on anchoring parameters o, {;, o and (.
We discuss three cases.

4.1. h=hg
In this case 4 is denoted by Awm. Because u=0,
Ligl,_o=cos™ v, I |,_o=cos~! v}, we have
1 1
cos~ vy —cos !y
A=
mh
(40)
.1 11 1
sin [(1 —vo)2v; — v (1 — v;)z}
B Tthin

Substituting equations (28) and (29) into (40), leads to

Sin71 2(0(1 —dz)ﬂhlh
Sy = (42 + 7202 ) (403 + 22 )]
th — .

TChth

|

(41)

Because Ay, is itself a function of o) and o, Ay, is
only relevant to oy, o. Using the results of Ay, in § 3, we
can calculate the value of 4. The results are shown in
figure4, in which each of the five curves represents a
relation between Ay, and « for fixed as; 0, =0.1, 0.5,
1.0, 1.5 and 2.0 for curves 1, 2, 3, 4, and 5, respectively.
We see that these curves tend to lines of small slopes
when the value of «; is large. For the exchange of
o7 and oo, Ay, will become —Ay, 1e. Ay (o1, )=
— A (02, ).

4.2. h=h
In this case 4 can be denoted by 4,. Putting u=1,

0.9
0.6 -
0.3 4
0.0 -
-0.3

-0.6

094

Figure4. The A4y,—o; curves for various o, at the threshold
point. Parameter y=0.25 and curves 1, 2, 3, 4 and 5
represent o, =0.1, 0.5, 1.0, 1.5 and 2.0, respectively.

1
1—ya\2
11,o|u=1=(1+~/>%sinh1( V°) ,
1

. 1—v\? .
Ly, =(1 —H/)%smh_1 ( v/) . Equation (39) leads to

<

1

Ol—

(1+y)
7hy

As= sinh ™!

| (42)
2nhs(1+7y)? (oc’l — oc’z)

[m202(147) — 4 ) [m2h2(1 +7) — 40

where parameters o} =a;(1+2(;) and oh =0 (1+2(5).
So 4 is a function of o« and o}.

Using the values of A in §3, we can calculate the
values of 4. The results are shown in figure 5, in which
each curve represents the relation between A, and o) for
fixed of; and o, =0.1, 1.0, 2.0, 3.0 and 4.0 respectively.
We see that these curves tend to lines of small slope
when the value of o} is large. For the exchange of
of and o), the value of A, will become —4, ie.
A(o, o) = — 4y (o ).

2

4.3, hp<h<hg

Through much calculation, we find the relation

between A4 and / is sensitive to the ratio of o, and
oy. Putting

o2

== 43

=2 3)

and substituting equations (22), (23), (25) and (26) into

(39), we can find the relation between A4 and 4, which

can be seen from figure6. The typical results of

As1 21
104
08
06
0.4
02
0.0
04
06
08
4.0
49 ]

Figure5. The A;—0o} curves for various o) at the saturation
point. Parameter y=0.25 and curves 1, 2, 3, 4 and 5
represent o, =0.1, 1.0, 2.0, 3.0 and 4.0, respectively.
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Figure6. The A—h curves for various r, o, {1, (5. (@)
Parameters {;=0.2, {,=0, «; =1.0; curves 1, 2, 3,4 and 5
represent r=0.1, 0.25, 0.5, 0.75 and 1.0, respectively. (b)
Parameters (;=(,=0.2, «;=2.0; curves 1, 2, 3, 4 and 5
represent r=0.1, 0.25, 0.5, 0.75 and 1.0, respectively.

numerical calculations are shown in figure6(a) and
6 (b). Five curves are denoted by 1, 2, 3, 4, and 5 for
each figure. Each curve corresponds to a fixed r
value; r=0.1, 0.25, 0.5, 0.75 and 1.0, respectively. In
figure 6 (a), taking o«;=1.0, {{=0.2 and {,=0, we see
that when r=1, 4#0, because {;#{5. In figure 6 (b),
taking o;=2.0, {;=0.2 and {,=0.2, when r=1, 4=0,
because {; #{,. From these two figures we sce that 4 is
also sensitive to r.

5. Measurement of anchoring strengths of a series of
different substrate

Many methods are available to measure the anchor-

ing strength 4 of substrates and values for many

different substrates are reported [7, 8, 9]. However,

there are large discrepancies between different authors,

even when they have used the same method and same

substrates (values differing by more than one or two
orders of magnitude are often reported [10]). Hence, a
standard method for measuring the anchoring strength
for a series of different substrates is necessary.

We now propose a feasible experimental plan for
measuring the anchoring strength. Suppose that for a
certain substrate, its anchoring strength A; with a
corresponding NLC material is well known; we can
take this substrate with the NLC material as a standard
combination. If another substrate has an unknown
anchoring strength 4,, we can make a non-symmetric
cell with the standard NLC material, for which, the
bottom substrate is standard (anchoring strength A4,)
and the top substrate has unknown anchoring strength
A5. Then the threshold field H, can be measured, and
A, can calculated.

Equation (32) leads to

i 2ahm (1 +an /o)

tan(mhy, ) =
(whin) o %nzhtzh—%cz/ocl
1

(44)

Because, ay/0q = A2/ A1, h=H/H’ and a=A4//2K;; we
have

A 1 1 Aa :
_:ch(XaKll)z{(XaKll)thhtan l Hy | —Ar}
Ay Ky

Xa :
A1{A1tanll<K11> Hpn } (45)

From equation (45), we can calculate the value of A,/4,
if / and Hy, have been measured, then A4, is obtained.
Using this method, the anchoring strength for a series
of different substrates can be measured. Because the
anchoring strength A, is precisely known, and is same
for each measurement, all values of anchoring strength
A, for various substrates are comparable.

The principal advantage of this method is that the
systematic error of the A,/4; value can be greatly
reduced. In order to explain this, by using equa-
tions (28) and (29), we express 4,/A; as

Ol—

+ Hin (1. K11)

A 1 1
T =00/1=w)/ (/1= (46)
For H= Hy,, equations(22) and (23) yield
2d 1
ghm = cos ! v, (47)
n,  21—2d 1 L
Eh[hz—l = COS Vl (48)

where d is the place of the maximal tilt angle 0, at the
threshold point. From equations (47), (48) and (38), we
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obtain

(49)

11

= t£ Xa %H 1+4
_COZK th(+th)

Substituting equations (49) and (50) into equation (46),
leads to

é=tan{% (é;)%ch(l—Ath)} | -

A L \2
! tan{é(,ﬁ;‘) ch(1+Ath):|

Equation (51) is another formula of relative anchoring
strength A4,/A;, and includes the parameter 4, From
figure4, we can see that Ay, is independent of / when
o1 >1. We can obtain o > 1 by adjusting the thickness /
of the NLC cell for a=A//2K;,. The change of 4y, is
only 10~* when the change of /is 102

By means of equation (51), we analyse the measure-
ment error of A,/A,. The original experimental mea-
sured values are / and Hy,; many reasons may cause the
error of measured values of these quantities, such as the
following.

(1) Experimental environment. There is evidence to

illustrate that the anchoring strength A4 is
dependent on temperature [1].

(2) The NLC cell fabrication, i.e. whether the two
substrates are strictly plane and parallel, and
whether the easy direction e occurs on the two
substrates (the pretilt angle is zero).

(3) Measurement techniques.

These factors all influence the measurement of / and
Hy,. However, from equation(51), we can see that
errors in / and Hy, influence the values of numerator
and denominator in the same way. So errors in A»/4;
can be counteracted. We therefore believe that any
large discrepancy in measured values of anchoring
strength, can probably be eliminated by this method.
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